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Abstract. For the linear means of the Fourier series a family of majorant operators {Un (f)} is constructed.
Their weight-norm estimates are obtained. In the case of exponential means we obtain a relation of the form

supUp(f) ~f*, where f*isthe maximal Hardy operator.
h>0
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1. The majorant of the means of Fourier series. We consider an arbitrary 2  -periodic summable on
Q =(-r,x] function f(x), its Fourier coefficients

()= [ Frexp(-iknds

and Fourier series

SLf.x]= D ep (f)expiky) . (1.1)

k=—o0
In various problems of analysis, the problem arises of investigating the behavior for families of
linear means of the series (1.1)

Un(N=U(fxdh) = 3 Ay (e (f)explik), (12)
k=—0
where
A={4 (), k=01,...; Agh)=1} (1.3)

is an infinite, generally speaking, arbitrary sequence ("summing sequence"), determined by the values of
parameter % >0 . In the case of discrete parameter %, the close problems (namely, the summability of
Fourier series at Lebesgue points and uniformly on the continuity interval of function) many authors
have studied (see [1] and the bibliography there) .The most important examples of families (1.2) are the
Poisson-Abel means, generated by the summing sequence A (%) = exp(—hk), k=0,L... ([2], pp. 160-165).

Set
D (A= Z(k+1)|A2,1k(h)| and U*(f):U*(f,x;l):supM
= o D (hA)
We introduce the Fejer kernel ([2], p.86, 148-149):
.2 k+1
1 k sin® ——t¢
F()=—= ) D) =——=——
k+172%5 2(k +1)sin? %t
Denote
o0 T
Un(f)=U(f,x:0,h) =Y (k+1) | X4 (h) | ]If(x+t)| Fi(t)dt, (1.4)
k=0 r

where A, = A, (h)— Apyq(h), A2y = Al = A4y, k=0,,... are the first and second (respectively) finite

differences of the elements of the sequence (1.3); let

Ju(f) = U )= supZ XA )
U(f) =Un(f,x;4) = s



Lemma 1.1. If the conditions
Al =0 (1.5)
and
Mgy =o)Lk e, (1.6)
are fulfilled, then the estimate
(U (f,x:4,h)| < CU(f,x;4,h)

holds at each point x.
The proof follows from the representation

0 T
Up()=U(f 0,0 = Y (k+ DA (h) [ f(e+0) Fie(oyde,
k=0 r
obtained on the basis of conditions (1.5), (1.6).
Remark 1.1. The advantage of considering the operator (1.4), which is majorant for (1.2), is that the
Fejér means of the Fourier series (the means (1.2) with the integral Fejer kernel) are well studied, and this
circumstance facilitates the possibility of transferring some classical results to (1.2).

2. Weighted 7 -estimations of the majorant. Let (see [3]) 4,, be the class of functions v =v(x) >0

that are summable on Q and 2z -periodic,

p—1
Ap v;Q)= (ﬁ ij(t)dtj(ﬁ IQV_I/(p_l)(t)dtj , p>1,

1 1
4,(;Q) =[@ ij(t)dt] esssup—r— and W(E) = IE v(x)dx .

Consider the spaces LY (Q) with norm
l/p
1 b= ([0 v | <o, .

Theorem 2.1. Let the conditions (1.5), (1.6) are fulfilled and v e 4,,. Then the operators [ — U«(f)

are bounded in Z£(Q), p>1, and

P
pixeQ|Us(f,x;2)>5>01<Cy [”f”“”J , p=1.
5

Here and in the sequel C are constants (generally speaking, distinct), which can depend only on
explicitly indicated indices.
The proof of the theorem follows from the estimate

Us(f,x;1) <Cf *(x).
where ([2], p. 58-61)

1
S *(x) =sup
Jy |Jx|

[17 Gy ax
Jx

is the maximal Hardy function, and the supremum is taken over all intervals J, with Lebesgue measure
|/, [> 0, containing an arbitrarily chosen point x.

3. Exponential summation methods. We consider now the semi-continuous summation methods
corresponding to the case

A (h) =exp(=hk?), k=0,,..., a>0.
Denote

Ua(fxsh) =Y (k+1) | & exp(-hk) | [| f(e+0) | F(yar
k=0

- -



let

Usa(f)=Usa(f,x)= 2u1317a<f,x;h) :

Theorem 3.1. For each o >0 there exist positive constants C; , and C, ,, such that

Crof*(x)< Usa(f,x) < Crof *(x).
Theorem 3.2. For each a >0 and p >1 the following statements are equivalent:
1) ved,;

2) the estimate

1Txa(F)lyp < Cap 1S I -

holds.
If p>1, then the following statements are equivalent:

1) ved,;

5 - 1S 1hp )7
) uix€Q|Usa(f,x)>¢>0<C, T , p=1.

The assertions of Theorem 3.2 are the immediate corollaries of Theorem 3.1 and the results of B.
Mackenhoupt [3].
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